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We outline and interpret a recently developed theory of impedance-matching, or reflectionless
excitation of arbitrary finite photonic structures in any dimension. The theory includes both the
case of guided wave and free-space excitation. It describes the necessary and sufficient conditions for
perfectly reflectionless excitation to be possible, and specifies how many physical parameters must be
tuned to achieve this. In the absence of geometric symmetries, such as parity and time-reversal, the
product of parity and time-reversal, or rotational symmetry, the tuning of at least one structural
parameter will be necessary to achieve reflectionless excitation. The theory employs a recently
identified set of complex-frequency solutions of the Maxwell equations as a starting point, which are
defined by having zero reflection into a chosen set of input channels, and which are referred to as R-
zeros. Tuning is generically necessary in order to move an R-zero to the real-frequency axis, where it
becomes a physical steady-state impedance-matched solution, which we refer to as a Reflectionless
Scattering Mode (RSM). In addition, except in single-channel systems, the RSM corresponds to
a particular input wavefront, and any other wavefront will generally not be reflectionless. It is
useful to consider the theory as representing a generalization of the concept of critical coupling of
a resonator, but it holds in arbitrary dimension, for arbitrary number of channels, and even when
resonances are not spectrally isolated. In a structure with parity and time-reversal symmmetry
(a real dielectric function) or with parity-time symmetry, generically a subset of the R-zeros have
real frequencies, and reflectionless states exist at discrete frequencies without tuning. However they
do not exist within certain spectral ranges, as they do in the special case of the Fabry-Pe´rot or
two-mirror resonator, due to a spontaneous symmetry-breaking phenomena when two RSMs meet.
Such symmetry-breaking transitions correspond to a new kind of exceptional point, only recently
identified, at which the shape of the reflection and transmission resonance lineshape is flattened.
Numerical examples of RSMs are given for one-dimensional multi-mirror cavities, a two-dimensional
multiwaveguide junction, and a multimode waveguide functioning as a perfect mode converter.
Two solution methods to find R-zeros and RSMs are discussed. The first one is a straightforward
generalization of the complex scaling or perfectly matched layer (PML) method, and is applicable
in a number of important cases; the second one involves a mode-specific boundary matching method
that has only recently been demonstrated, and can be applied to all geometries for which the theory
is valid, including free space and multimode waveguide problems of the type solved here.
I. INTRODUCTION
A. Reflectionless excitation of resonant structures
Reflectionless excitation or transmission of waves is
a central aspect of harnessing waves for distribution
or transduction of energy and information in many
fields of applied science and engineering. In the con-
text of radio-frequency and microwave electronics and
in acoustics, this is typically referred to as “impedance-
matching”, whereas in optics and photonics the terms
“index-matching” and “critical coupling” are more fre-
quently used, as well as “perfect absorption” when the
goal is energy transfer or transduction. In the first fields
listed it is typical to represent the response of the me-
dia or circuits, which are typically lossy, via a complex
∗ douglas.stone@yale.edu
impedance, and the simple principle of matching the in-
put impedance to the output impedance is often em-
ployed to achieve reflectionless excitation. In optics and
photonics it is more typical to represent the response of
the medium by a complex dielectric function or suscep-
tibility, and nearly lossless excitation of dielectric me-
dia, as well as free-space excitation, is quite common,
so the term impedance-matching is less often used. In
this article we will focus on optical and photonic struc-
tures/devices and will use the term reflectionless exci-
tation. We will define below the concept of reflection-
less scattering modes (RSMs), referring to input wave-
fronts at specific, discrete real frequencies that can be
shown to excite a given structure with zero reflection (in a
sense to be clearly defined below). Impedance-matching
or index-matching across boundaries between effectively
semi-infinite media is well-known from textbooks and is
not the topic of interest here. Rather here we focus on
finite structures in any dimension, which are excited by
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2a wave with wavelength smaller than the relevant dimen-
sions of the structure. In this case reflectionless excita-
tion may be possible, but only at discrete frequencies, due
to the necessity of taking into account multiple internal
reflections within the structure. Thus we are speaking of
resonant reflectionless excitation of the structure.
The concept of critical coupling to a resonator, to be
discussed in more detail below, is reasonably well known
in optics and photonics: a high-Q resonator, when ex-
cited by a single electromagnetic channel, either guided
or radiative, will generate no reflected waves when it is
excited at the resonance frequency and the input coupling
rate to the resonator equals the sum of all other loss rates
from or within the resonator. The total loss of the res-
onator is defined as the imaginary part of the complex fre-
quency of the specific quasi-normal mode being excited,
which includes the loss through the input channel. The
quasi-normal modes (or simply resonances) are rigorously
defined as the purely outgoing solutions of the relevant
electromagnetic wave equation. These resonances generi-
cally have frequencies in the lower half-plane, ω = ωr−iγ,
where γ = 1/2τ > 0, τ is the dwell time or intensity de-
cay rate, and Q = ωrτ is the quality factor of the reso-
nance [1–4]. In general, the resonances are not physically
realizable steady-state solutions, due to their exponen-
tial growth at infinity, but they determine the scattering
behavior under steady-state (real frequency) harmonic
excitation. However in electromagnetic scattering with
gain, the resonances can be realized physically and cor-
respond to the onset of laser emission [5–7]. Thus, in
the terminology we use in this work, having a resonance
on the real axis does not correspond to the existence of
a reflectionless state (in some other contexts the term
“resonance” is used to refer to a reflectionless state). In
the current work we will define a different set of complex-
frequency solutions which do correspond to the existence
of a reflectionless state, and which do not in general re-
quire the addition of gain or loss to the system to make
them accessible via steady-state excitation.
The current theoretical/computational tools available
in optics and photonics for determining when and if re-
flectionless excitation of a structure/resonator is pos-
sible consists of analytic calculations in certain one-
dimensional structures, and transfer matrix computa-
tions for more complicated one-dimensional or quasi-one-
dimensional structures, along with the principle of criti-
cal coupling, which rarely is applied in higher dimensions.
B. Limitations of critical coupling concept
The terminology “critical coupling” (CC) appears to
have been used in microwave/radio-frequency electronics
at least sixty years ago but does not appear to have been
used extensively in optics until the nineties [8–11]. It al-
ways is applied to a structure in which a relatively high-
Q resonator with well separated resonances is effectively
excited by a single spatial input channel. The resonator
will have some effective coupling-in rate at the surface
where the input channel comes in, determined, e.g., by a
mirror or facet reflectivity, and it will have some coupling-
out/absorption rate within the resonator, due either to
other radiative channels or to internal absorption loss or
both [12, 13]. Examples in photonics include the asym-
metric Fabry-Pe´rot semiconductor devices developed in
the eighties and nineties, which used the electro-optic ef-
fect to switch on and off absorption in the cavity, so as
to toggle between a critically coupled condition and a
weakly coupled condition [9–11]. In this case the loss is
primarily absorption and represents an irreversible trans-
duction of the energy. Another common, more recent set
of examples are the ring resonators side-coupled to sili-
con waveguides which can be toggled by free-carrier in-
jection between a critically-coupled and a weakly coupled
state, which turns off and on the transmission through
the waveguide [14]. In this case the loss in the criti-
cally coupled state is primarily radiative, and the reflec-
tionless “on” state can be thought of as perfect trans-
mission into the radiative channels, whereas the “off”
state corresponds to zero reflection from the ring (only)
and hence continued propagation/transmission along the
guided waveguide channel. These examples indicate that
the source of the loss in the resonator is not important
to be able to achieve critical coupling, although it does
determine the effect of critical coupling on the exciting
wave, i.e. either irreversible transduction or radiative
transmission (to a receiver or just to an effective beam
sink).
The power of the critical coupling (CC) concept is that,
if rigorously correct, it implies that it is possible to ex-
cite a resonator of arbitrary complexity through a single
input channel and have zero reflection, if the total loss
from either absorption or radiation into other channels
equals the input coupling. To our knowledge, the CC
concept is the only general principle relating to reflec-
tionless excitation of a resonator which applies beyond
parity-symmetric one-dimensional examples, where it is
possible to calculate analytically the reflectionless input
frequencies.
However there are obvious questions raised about the
meaning and generality of the concept.
• In all cases of which we are aware, the CC condition
is derived within a simplified coupled-mode the-
ory, and not from a first-principles analysis, which
would be exact within Maxwell electrodynamics.
What principle, if any, underlies its validity in the
case of a complex resonator with no symmetries?
• Is there a generalization of the CC concept to the
situation in which one is exciting the resonator with
more than one input channel? A simple example
of this would be a multimode waveguide exciting
a resonator or multiple-waveguide junction. Simi-
larly, when one is exciting a structure larger than
the excitation wavelength in free space, the typical
radiation will involve higher multipoles and hence
3multiple input/output channels. Are there reflec-
tionless solutions in either of these cases?
• Critical coupling assumes that the excitation is only
of a single resonance, but in any relatively open
structure, e.g., a waveguide junction, multiple res-
onances will often be overlapping and relevant to
the scattering process. In this case the CC con-
cept becomes ill-defined. There is no obvious scalar
meaning to coupling in and coupling out, so there
is no obvious CC condition to apply. In fact the
CC condition has never, to our knowledge, been
applied to such situations and would generally be
considered irrelevant because one doesn’t have iso-
lated resonances.
This paper outlines and interprets recent results from
our group which answers all of these questions and
proves that reflectionless states are an exact property
of Maxwell electrodynamics in any dimension and for
arbitrarily complex structures (larger than the exciting
wavelength). Moreover these states exist even when mul-
tiple resonances overlap and there are no isolated reso-
nances. In general a single continuous parameter of the
resonator/structure needs to be tuned appropriately, and
then the reflectionless state exists only at a single fre-
quency. The reflectionless states can be computed by
numerical methods which are closely related to standard
techniques in photonics and are tractable for realistic
structures. Hence we believe that the theory presented
here provides a powerful tool for the design of photonic
structures with controlled excitation which implement
perfect coupling, as well as clarifying what sorts of so-
lutions exist generically and what sorts do not. We will
present here only the main results of our analysis with
illustrative examples; the detailed derivations are given
in Ref. [15].
II. THE GENERALIZED REFLECTION
MATRIX, R-ZEROS AND RSMS
A. The scattering matrix
To define reflectionless states in electromagnetic scat-
tering we must first define the scattering matrix (S-
matrix) of a finite photonic structure. We consider here
the most general system of interest, which consists of an
inhomogeneous scattering region or structure, outside of
which are asymptotic regions that extend to infinity. To
support resonance effects the scattering region needs to
be larger than the wavelength of the excitations created
by the input waves within the scatterer. For dielectric
systems this is typically of order, but smaller than, the
input wavelength. However the theory will also apply
to metallic/plasmonic systems (within the Maxwellian
framework), where the plasmonic excitations can have
orders of magnitude smaller wavelengths. An example of
an application of Coherent Perfect Absorption, a special
case of the theory, to nanoparticles is cited in the next
section. The asymptotic regions are assumed to be time-
reversal invariant (so that they support incoming and
outgoing asymptotic channels that are related by com-
plex conjugation) and to have some form of translational
invariance, e.g., vacuum or uniform dielectric, or a finite
set of waveguides, or an infinite periodic photonic crys-
tal. The theory will apply to both free and guided waves.
We also focus on media in which the scattering forces are
short-range, i.e. net neutral media, which is typical for
most photonic structures.
A linear and static photonic structure is described
by its dielectric function ε(r, ω), which is generically
complex-valued, with its imaginary part describing ab-
sorption and/or gain. The assumed linearity allows
the theory to concentrate on scattering at a single real
frequency, ω; time-dependent scattering can be stud-
ied by superposing solutions. The translational symme-
try of the asymptotic regions allows one to define 2N
power-orthogonal propagating “channel states” at each
ω. Based on the direction of their fluxes, the 2N chan-
nels can be unambiguously grouped into N incoming
and N outgoing channels, which, as noted, are related
by time-reversal. Familiar examples of channels include
the guided transverse modes of a waveguide and orbital
angular-momentum waves in free space, with one chan-
nel per polarization. In the waveguides, the finite num-
ber and width of the waveguides lead to a finite N for a
given ω, whereas for the case of a finite scatterer/cavity in
free space the number of propagating angular-momentum
channels is countably infinite. However, a finite scatterer
of linear scale R, with no long-range potential outside,
will interact with only a finite number of angular mo-
mentum states, such that lmax ∼
√
¯Rω/c, where ¯ is
the spatially-averaged dielectric function in the scatter-
ing region, and c is the speed of light. Hence for each
ω we can reasonably truncate the infinite dimensional
channel-space to a finite, N -dimensional subspace of rel-
evant channels.
A general scattering process then consists of incident
radiation, propagating along the N incoming channels,
interacting with the scatterer and then propagating out
to infinity along the N outgoing channels, as illustrated
in Fig. 1(a). In a general geometry, which is not parti-
tioned into spatially distinct asymptotic channels, there
is no natural definition of reflection and transmission co-
efficients between different channels, only interchannel
scattering vs. backscattering into the same channel; for
certain geometries, such as a scattering region within a
single or multi-mode fiber, it is natural to segment the
S-matrix into reflection and transmission matrices de-
pending on whether the scattering maintains the sign of
propagation (i.e. transmits flux) or reverses it (reflects
flux). However we will define the reflection matrices for
a general geometry in a more general way, which need
not reduce to this standard definition even in a waveg-
uide geometry. In the channel basis, the wavefronts of
the incoming and outgoing fields are given by length-N
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General Scattering Reectionless Scattering(a) (b)
FIG. 1. (Color) Schematic depicting a general scattering
process (a) and reflectionless process (b). A finite scat-
terer/cavity interacts with a finite set of asymptotic incoming
and outgoing channels, indicated by the red and blue arrows,
respectively, related by time-reversal. These channels may be
localized in space (e.g., waveguide channels) or in momentum
space (e.g., angular-momentum channels). (a) In the general
case without symmetry, all incoming channels will scatter into
all outgoing channels. (b) There exist reflectionless states, for
which there is no reflection back into a chosen set of incom-
ing channels (the inputs), which in general occur at discrete
complex frequencies and do not correspond to a steady-state
harmonic solution of the wave equation. However, with varia-
tion of the cavity parameters, a solution can be tuned to have
a real frequency, giving rise to a steady-state reflectionless
scattering process for a specific coherent input state, referred
to as a Reflectionless Scattering Mode (RSM).
column vectors α and β, normalized such that α†α and
β†β are proportional to the total incoming and total out-
going energy flux, respectively. The N -by-N scattering
matrix S(ω), which relates α and β at frequency ω is
defined by
β = S(ω)α. (1)
In reciprocal systems, the S-matrix is symmetric, S =
ST [16]. If the scatterer is lossless (i.e., ε is real every-
where), then any incoming state leads to a non-zero flux-
conserving output, and the S-matrix is unitary. However
the theory outlined below is developed for arbitrary linear
S-matrices and complex ε, which then includes the effects
of linear absorption or amplification inside the scattering
region. Engineering reflectionless states will generally be
possible for the case of both unitary and non-unitary S-
matrices.
B. Coherent Perfect Absorption
The S-matrix, being well-defined at all real frequencies,
can be extended to complex frequencies via analytic con-
tinuation. As noted in the introduction, the resonances
or quasi-normal modes of the system are solutions of the
wave equation for the structure which are purely out-
going in the asymptotic regions and have discrete com-
plex frequencies in the lower half-plane; those frequen-
cies correspond to poles of the S-matrix. Since purely
incoming solutions can be obtained by complex conjuga-
tion, this implies that the zeros (frequencies of solutions
at which zero flux is outgoing) are simply the complex
conjugate of the pole frequencies when the structure is
FIG. 2. (Color) Reflectionless state of a coherent perfect ab-
sorber (CPA), consisting of a random aggregate of lossless
glass scattering rods (gray) of index n = 1.5 and radius equal
to the incident wavelength (r = λ), surrounding a highly lossy
subwavelength central rod (black) of radius r = 0.15λ and di-
electric constant ε = 1.28 + 1.75i. The color scale indicates
the field amplitude for the specific input mode which is per-
fectly absorbed. This is a steady-state solution in which all
of the incident power is dissipated in the central rod, which
acts as a perfect sink and is assumed to be a linear absorber.
The incident field pattern is found by calculating the com-
plex conjugate of the threshold lasing mode of the analogous
random laser, and consists of the appropriate coherent super-
position of converging cylindrical waves (Hankel functions).
The field penetrating into the glass rods is not shown, for
clarity. In this very open structure the resonances strongly
overlap and the concept of critical coupling to a single res-
onance doesn’t apply, nonetheless reflectionless states exist.
Figure adapted from animation at http://www1.spms.ntu.
edu.sg/~ydchong/research.html, courtesy of Y-D. Chong.
lossless, and these zeros occur in the upper half-plane.
The zeros then correspond to a certain type of reflection-
less solution to the wave equation but at an unphysical
complex frequency. These states can be tuned to a real
frequency by adding loss, in just the same manner as
poles can be tuned to the real axis by adding gain to
initiate lasing [17–20]. A system so tuned is known as a
Coherent Perfect Absorber (CPA), and functions as the
time-reverse of a laser at threshold.
This type of of reflectionless state was first pointed
out by one of the authors (and co-workers) a decade
ago. It is a special case of the reflectionless states we de-
fine below, with the additional property that impedance-
matching is achieved by perfect absorption within the
scattering region, and hence irreversible transduction of
the incident energy into degrees of freedom within the
resonator/scatterer. With the introduction of the CPA
concept it was appreciated that this kind of reflectionless
state always exists within a family of arbitrarily complex
5resonators with tunable loss, for just the same reason that
any complex resonator can be made to lase with sufficient
gain added. And, just as the laser is “perfectly emitting”
only for a specific spatial mode of the electromagnetic
field, the CPA is perfectly absorbing only for a specific
mode, which is the time-reverse of the lasing mode, and
may have a very complicated spatial structure that is
challenging to synthesize. For example, just as there ex-
ist random lasers that emit a pseudo-random lasing field
when sufficient gain is added, a geometrically similar ran-
dom structure with an absorbing medium added of sim-
ilarly strong loss, can, in steady-state, perfectly absorb
the complex conjugate of this lasing field (an example is
shown in Fig. 2). As this example shows, in order to be
perfectly absorbed the input “beam” must be focused to
roughly the size of the scattering structure, so that CPA
cannot be achieved in free space for an input beam (plane
wave or structured) that is spread out over an area much
larger than the transverse size of the structure. Simi-
lar constraints apply to the more general reflectionless
modes defined below, which will also need to be focused
so as to strongly interact with the structure in free space
(this constraint is typically automatically imposed by the
geometry in the case of guided wave systems).
However, as already noted, it can be quite difficult to
synthesize the wavefront needed to achieve CPA, and this
limits the application of the CPA concept to complex
structures in experiments or devices. In the more com-
mon situation in which one seeks to excite a structure
in a reflectionless manner, one is not aiming for perfect
absorption, but is simply seeking to avoid energy flow
back into the chosen input channels; and in many cases
one doesn’t wish to have any absorption at all. Our the-
ory below includes CPA as a limiting case but is focused
instead on this more common situation, of prime impor-
tance for the design of photonic devices.
C. Generalized Reflection Matrix and R-zeros
Returning to the S-matrix for an arbitrary finite scat-
tering structure/resonator, we now define reflectionless
states in the most general manner possible. The full S-
matrix encodes the information about all possible linear
excitations of the resonator. Assuming one has access to
all N of the possible input channels in the asymptotic
region, one can define a particular impedance-matching
problem as shown in Fig. 1(b), by specifying Nin (with
0 < Nin ≤ N) of the incoming channels as the controlled
input channels, which, for the appropriate input state,
will carry incident flux but no outgoing flux. Conversely
the complementary set of Nout = N−Nin outgoing chan-
nels will carry any outgoing flux. This flux can be less
than, equal to, or greater than the incident flux, depend-
ing on whether the resonator is attenuating, lossless or
amplifying.
Let us for convenience redefine the S-matrix so that
for each choice of input channels the first Nin columns of
the S-matrix represent the scattering of the chosen Nin
input channels. This implies that we will only consider
scattering input vectors, α, which are non-zero for their
first Nin components (henceforth we will refer to this as
the input wavefront). Conversely, for the input wavefront
to be reflectionless, the output vector, β, must have its
first Nin components be equal to zero. Thus we can de-
fine the upper left Nin × Nin block of this S-matrix to
be a generalized reflection matrix, Rin(ω). The condi-
tion then for the existence of a reflectionless input state
at some frequency ω = ωRZ is that this matrix have an
eigenvector with eigenvalue zero; this eigenvector is the
Nin-component vector consisting of the non-zero compo-
nents of α. The frequencies at which a reflectionless state
exists are thus determined by the complex scalar equa-
tion.
det Rin(ωRZ) = 0, (2)
and in principle the frequencies and input wavefronts for
reflectionless states could be found by searching for the
zeros of this determinant in the complex frequency plane.
However another approach is more fruitful. That is
to regard the reflectionless boundary conditions as defin-
ing a non-linear eigenvalue problem on the Maxwell wave
operator for which {ωRZ} are the eigenvalues, and use
standard methods for solving general nonlinear eigen-
problems [21–25]. To impose the appropriate boundary
conditions a familiar method in photonics is the use of
perfectly-match layers (PMLs), normally used for finding
purely outgoing solutions (resonances), but also applica-
ble here in some cases. For the most general cases the
PML approach is not applicable, but a modification of
previous boundary matching methods can be used, as
will be discussed briefly below.
Anticipating results which will be demonstrated below,
similar to the resonances, we find that the reflectionless
input wavefronts will only exist at discrete complex val-
ues of the frequency, ωRZ; however these frequencies will
differ from the resonance frequencies, and they represent
the complex-valued spectrum of a wave operator with a
different physical meaning. We will refer to these fre-
quencies and the associated wave solutions as R-zeros
(reflection zeros). Since complex frequency solutions do
not represent physically realizable steady-state solutions,
a critical step in solving the impedance-matching prob-
lem in generic cases will be to tune parameters of the
dielectric function in the wave operator in order to move
an R-zero to the real-frequency axis. When an R-zero is
tuned to the real axis, we will refer to the reflectionless
physical state which results as a Reflectionless Scattering
Mode (RSM), in analogy to the term “lasing modes” or
“CPA mode” which is used for these related but distinct
electromagnetic eigenvalue problems. We note that, like
a resonance, an R-zero can be transiently realized with a
time-dependent input, even when it occurs at a complex
frequency [26].
A previous work, [27], has introduced the notion of the
R-zero spectrum in the more limited context of waveg-
6uides, focusing on single-mode cases, and pointed out
its relevance to impedance-matching. These authors did
not discuss the possibility of tuning the wave operator
to create a physical steady-state, but studied a one-
dimensional parity symmetric case for which the R-zeros
can have real frequency due to symmetry.
D. The RSM concept
As noted, an RSM is a steady-state wave solution
at a real frequency that excites a structure/resonator
through specific input channels such that there is zero
reflection back into the chosen channels. It can be spec-
ified asymptotically by its frequency and wavefront α
(where here we refer to the Nin non-zero components of
α). The absence of reflection for the RSM incident wave-
front is due to interference: the reflection amplitude of
each input channel i destructively interferes with the in-
terchannel scattering from all the other input channels,
(Rin)iiαi +
∑
j 6=i(Rin)ijαj = 0 (which is just a restate-
ment of the fact that α is an eigenvector of Rin with
eigenvalue zero). However, the scattering (“transmis-
sion”) into the chosen output channels is not obtained
from solving this equation alone, and must be determined
by solving the full scattering problem at ωRZ, i.e. by cal-
culating all the rows of the S-matrix at ωRZ.
The case of Nin = N corresponds to CPA [17], (Rin =
S), which, as noted, has been identified and studied for
some time. In this case the R-zeros are the zeros of the
full S-matrix, which are now relatively familiar objects.
CPA, as an example of an RSM, is rather special because
it requires that all the asymptotic channels be controlled
in order to have the possibility of achieving CPA, which is
often not practical in complex geometries. Also, only in
the case of CPA is it necessary to violate flux conservation
to create an RSM (i.e. by adding an absorbing term to
the dielectric function). Thus CPA is mainly of interest
in cases where the goal is not impedance-matching, but
rather transduction or sinking of energy.
E. Wave-operator Theory of Zeros of the S-matrix
and Generalized Reflection Matrix
It is both mathematically convenient and helpful for
physical insight to consider the R-zero/RSM problem
from the point of view of the underlying wave-operator
with boundary conditions. While Eq. (2) defines the fre-
quencies and wavefronts for which reflectionless states
exist for a fixed structure/resonator, solving it will not si-
multaneously yield the field everywhere within the struc-
ture. For the latter, one will need to solve the full
Maxwell wave equations subject to the boundary con-
ditions at infinity which follow from the frequency and
incident wavefront.
The R-zero/RSM boundary conditions lead to a more
constrained scattering problem than the standard scat-
tering boundary conditions in which only the input wave-
front is specified, but no constraint is placed on the out-
put wavefront. For the standard problem, a solution
exists at every real ω, but it generically involves all of
the outgoing channels in the asymptotic region. In the
RSM/R-zero problem only, N − Nin of the asymptotic
outgoing channels are allowed to appear, and Nin of the
input channels generically appear. Thus solutions are
constructed from only N of the 2N possible asymptotic
free solutions, and are not guaranteed to exist at all fre-
quencies. As the the previous analysis leading to Eq. (2)
has shown, having an R-zero requires a certain scattering
operator to be non-invertible, which we don’t expect to
happen generically.
A more familiar situation, in which we impose similar
boundary conditions, is in calculating the resonances, us-
ing only the N outgoing channel functions at infinity. As
already noted, this calculation can be posed as an elec-
tromagnetic eigenvalue problem for which the eigenvalues
are the frequencies at which solutions exist. For the res-
onance problem it is well-known that for finite structures
of the type considered here, there are an infinite num-
ber of solutions at discrete frequencies and that these
frequencies correspond to the poles of various response
functions including the S-matrix that we have introduced
above. In the absence of gain, by causality these poles
are restricted to the lower half-plane. We will now dis-
cuss a wave operator representation of the S-matrix and
the implications for its zeros, in preparation for the gen-
eral theory of R-zeros in the next section. The results
we present in the next two sections are based on deriva-
tions from Ref. [15] and here we simply present the main
results without proof, introducing the minimum number
of mathematical details necessary to make these results
comprehensible. Readers interested only in the basic re-
sults and examples may skip to the summary in Section
III A.
To introduce our notation, consider a wave operator
Aˆ(ω) acting on state |ω〉, which satisfies Aˆ(ω) |ω〉 = 0.
For electromagnetic scattering, we may choose the quan-
tity 〈r|ω〉 as the magnetic field, H(r), under harmonic
excitation at ω. The Maxwell operator at frequency ω is
given by
〈r′|Aˆ(ω)|r〉 = δ(r− r′)
{(ω
c
)2
−∇×
(
1
ε(r, ω)
∇×
)}
.
(3)
Here we have given the full vector Maxwell operator, for
which all of our results are valid, but in the more detailed
analysis below we only apply the theory to effectively one-
and two-dimensional cases in which a scalar Helmholtz-
type equation describes the solutions for the appropriate
polarization.
In order to express the scattering matrix in terms of
its resonances, we divide the system into two regions: the
finite, inhomogeneous scattering region Ω in the interior,
and the exterior asymptotic region Ω¯ that extends to
infinity, which possesses a translational invariance broken
only by the boundary, ∂Ω, between Ω and Ω¯. We separate
7operator Aˆ(ω) into three pieces,
Aˆ(ω) = [Aˆ0(ω)⊕ Aˆc(ω)] + Vˆ (ω), (4)
with Aˆ0(ω) identical to Aˆ(ω) on its domain Ω and Aˆc(ω)
is identical to Aˆ(ω) on Ω¯. Vˆ (ω) represents the residual
coupling between the two regions.
The closed-cavity wave operator Aˆ0(ω) on Ω, which we
do not assume to be hermitian, has a discrete spectrum
of the form Aˆ0(ωµ) |µ〉 = 0 with eigenvalues {ωµ}. The
boundary conditions on Aˆ0(ω) can be chosen to be Neu-
mann, but the effect of coupling terms will introduce a
self-energy which will account for the actual continuity
conditions at the boundary of Ω. The matrix A0(ω) is
naturally defined by its matrix elements
A0(ω)µν = 〈µ|Aˆ0(ω)|ν〉 . (5)
The asymptotic wave operator Aˆc(ω) on Ω¯ has a count-
able number of eigenfunctions at every real value of ω;
these are the propagating channel functions which sat-
isfy Aˆc(ω) |ω, n〉 = 0. The operator Vˆ connects these
closed and continuum states, and its off-diagonal block
is represented by the matrix W(ω),
W (ω)µn = 〈µ|Vˆ (ω)|n, ω〉 . (6)
While W(ω) in general also has a contribution from
evanescent channels in Ω¯, we will neglect the effect of
such channels henceforth in the current discussion, as
they don’t change the central results qualitatively [15].
With these definitions one can derive a general rela-
tion [28–31] between the matrices S, A0, and W, orig-
inally developed in nuclear physics, which allows us to
find the poles and zeros of S through its determinant:
det S(ω) =
det (A0(ω)−∆(ω)− iΓ(ω))
det (A0(ω)−∆(ω) + iΓ(ω)) . (7)
The two positive-definite operators which appear here
are ∆ and Γ ≡ piWW†, which arise from the coupling
operator and, roughly speaking, induce a real and imag-
inary shift of the eigenvalues of the “closed” system to
account for the openness of the system. The operator ∆
can be expressed in terms of an integral over the WW†
matrix [15] and is of less interest in the current context;
both operators are infinite dimensional matrices in the
space of resonances of the system. The S-matrix how-
ever is a finite dimensional matrix in the truncated chan-
nel space (as noted above) and hence Eq. (7) is not a
simple identity of linear algebra: the left-hand side is
the standard determinant of an N -by-N square matrix,
while the right-hand side is a ratio of functional determi-
nants of differential operators on an infinite-dimensional
Hilbert space (see Ref. [15] for more details and relevant
references). Since the right-hand side is a ratio of de-
terminants of infinite dimensional differential operators
upon a finite domain (which will have a countably infi-
nite set of complex eigenvalues which depend on ω), this
implies that det S indeed has a countably infinite set of
zeros and poles (corresponding to the vanishing of the nu-
merator and denominator). When A0 is hermitian (the
scatterer is lossless), then the operators in the numerator
and denominator are hermitian conjugates and the poles
and zeros come in complex conjugate pairs.
Since the operators in each determinant of the ratio do
not commute, one cannot simply say that the eigenvalues
of the full operators are the sum of the eigenvalues of each
individual operator. However, the more isolated the reso-
nances of the systems are, the more useful is this heuris-
tic interpretation of Eq. (7). Thus, crudely speaking,
the scattering resonances will occur at complex frequen-
cies where the real part is given by the real part of the
eigenvalue of the closed system containing the scatterer,
shifted by the contribution from ∆, while its imaginary
part must be negative, with a value i(−γµ,rad − γµ,int),
where γµ,rad > 0 is an eigenvalue of Γ and represents
radiative loss, and γµ,int comes from gain or loss in the
resonator and can have either sign. With the standard
convention we have chosen here γµ,int > 0 corresponds
to absorption loss, so that adding absorption pushes the
resonance away from the real axis and hence broadens it,
as is familiar. Conversely the zeros of S have imaginary
part i(γµ,rad − γµ,int), from which we see that there will
be a real zero at some frequency when γµ,rad = γµ,int.
When the radiative loss equals the absorption loss the
S-matrix has an eigenvalue equal to zero at a real fre-
quency: one can send in a specific wavefront and it will
be indefinitely trapped and hence absorbed. The multi-
channel case of this is CPA, and the single-channel case,
for which a specific wavefront is not required, is the usual
critical coupling to a resonator. However, as noted, this
only corresponds to critical coupling when all of the loss
is due to absorption, whereas we will present the full gen-
eralization of reflectionless coupling in the next section.
Up to this point we have just reviewed the known prop-
erties of the S-matrix in this operator representation.
Henceforth we are focusing on the zeros of the matrix
Rin, when it differs from the full S-matrix, and seeking
the condition for it to have zeros.
We now present results from adapting this formalism
to treat R-zeros/RSMs; unlike the results presented in
the previous section, these results were not known pre-
vious to the derivations in Ref. [15]. The basic approach
is to represent the matrix Rin through appropriate pro-
jection operators applied to the S-matrix, and then to
perform a similar, but more involved set of manipula-
tions to obtain a relationship between the det Rin and a
ratio of determinants of wave operators to similar to but
distinct from those that determine det S.
The result is [15]:
det Rin(ω) =
det (A0(ω)−∆(ω)− i[Γin(ω)− Γout(ω)])
det (A0(ω)−∆(ω) + iΓ(ω)) ,
(8)
where the only (but crucial) difference from Eq. (7) is the
replacement of the operator Γ by the difference of two op-
erators associated with the input and output channels re-
8spectively: Γin−Γout ≡WinW†in−WoutW†out. Here the
subscripts refer to the sectors of the operator W intro-
duced previously that connect the discrete states of the
scatterer/resonator to the asymptotic incoming channels
and outgoing channels (respectively), which were speci-
fied in the definition of Rin. Eq. (8) is the central mathe-
matical result of our theory of reflectionless states. Sim-
ilar to Eq. (7), Eq. (8) relates the determinant of the
Nin-by-Nin matrix Rin to a ratio of wave operator (func-
tional) determinants which describe the discrete but in-
finite space of eigenvalues of the scatterer/resonator.
III. PROPERTIES OF R-ZEROS AND RSMS
A. General Properties
From Eq. (8) we can draw a number of critical conclu-
sions:
• For reasons analogous to those arising from Eq. (7),
we can conclude that the matrix Rin also has a
countably infinite set of zeros and poles at discrete
complex frequencies.
• Because the denominator is the same as in Eq. (7),
the poles of Rin are identical to those of S (exclud-
ing certain non-generic cases).
• However the zeros of Rin (R-zeros) are generically
at distinct frequencies in the complex plane from
those of S. As noted above, the R-zero spectrum
is a new complex spectrum with a distinct physical
meaning from S-matrix zeros or poles [15, 27].
• Because the operator in the numerator of Eq. (8)
is not the hermitian conjugate of that in the de-
nominator, even when the scatterer is passive (no
loss or gain) the R-zeros are not the complex con-
jugate of the poles and can appear in either the
upper or lower half-plane without the addition of
loss or gain. In particular, a lossless scatterer can
have a real R-zero (RSM), although generically this
requires parameter tuning.
• The fact that the positive semidefinite coupling op-
erator WinW
†
in gives a contribution to the numer-
ator of Eq. (8) of opposite sign to that of the out-
going channels (which has the usual sign for the
S-matrix) implies that qualitatively the incoming
channels function as a kind of “radiative gain” for
the R-zeros, whereas the outgoing channels func-
tion qualitatively in the usual manner as radiative
loss. Heuristically we can expect that an R-zero can
become an RSM when the total coupling in from
the input channels balances the total coupling out
from the radiative channels, or, if there is loss or
gain in the resonator itself, when all of these terms
are balanced to cancel. If we are in the regime
of isolated resonances there will be only one set of
relevant couplings to balance and this can be re-
garded as a multichannel generalization of critical
coupling. However to excite this RSM one will still
need to send in the correct coherent wavefront ob-
tained from the eigenvalue equation for Rin.
• Our result shows that the full operator in the nu-
merator of Eq. (8) will have an infinite number of
zeros in general, even if we are not in the regime of
isolated resonances. In this case there is no single
scalar condition for achieving RSM and no mean-
ingful generalization of the critical coupling con-
cept. Nonetheless R-zeros can be calculated, and
by varying parameters of the scatterer/resonator,
can be tuned to RSM. So the existence of reflec-
tionless states, with tuning, is a robust property of
electromagnetic scattering and does not require a
high-Q resonator. An example of tuning to RSM in
a low-Q multiwaveguide junction is given in Fig. 5
below.
• Tuning R-zeros to RSM: Although there can
be complications from interference between reso-
nances, qualitatively speaking, adding loss to the
scatterer will cause the R-zeros to flow downward
in the complex plane and gain will cause them to
flow upward. Similarly, altering the geometry of the
scatterer/resonator so as to enhance the coupling of
the output channels will cause the R-zeros to move
downwards and decreasing the coupling will cause
them to move upwards (and vice-versa for the input
channels). In certain cases geometric tuning may
affect both input and output channels at once and
these couplings may not be separately controlled,
making it difficult to tune to RSM. However, in
most cases tuning a single structural parameter will
be sufficient to allow perfectly reflectionless excita-
tion of the structure; although the correct relative
amplitudes and phases of the input channels will
be required to access it.
• When the scatterer/resonator has discrete symme-
tries, in some cases no tuning will be required to
find RSMs (real R-zeros). Textbook examples are
different types of balanced two-mirror resonators,
which we will refer to collectively as “Fabry-Pe´rot”
(FP) resonators. Such resonators have both par-
ity (P) and time-reversal (T ) symmetry. Other
more recent examples are one-dimensional photonic
structures with balanced gain and loss such that
the product of parity and time (PT ) is preserved.
Here, unlike the FP resonators, the real RSMs are
unidirectional, and can only be accessed from one
side or the other. We will see in the next section
that in both cases the RSMs can be lost due to
spontaneous symmetry breaking at an RSM excep-
tional point (EP).
9B. Symmetry Properties of R-zeros and RSMs
The general formulas analyzed above only prove the
existence of R-zeros in the complex plane, and therefore,
since the real axis has zero measure in the plane, with-
out parameter tuning or symmetry constraints a generic
system will have no RSMs. However, well known exam-
ples, such as the FP resonator, have an infinite number
of RSMs, apparently due to symmetry. In Ref. [15] a de-
tailed analysis is given of the implications of various dis-
crete symmetries on the R-zero spectrum. Here we will
only present the main conclusions and illustrate them
with simple one-dimensional examples.
We will focus on discrete symmetries and their effect
on the R-zero spectrum. The specific symmetries we will
analyze here are time-reversal, parity, and the product
of the two, as well as the very important case of sys-
tems with both symmetries (P+T ), exemplified by the
FP resonator. In the context of one-dimensional electro-
magnetic scattering, T symmetry requires that the res-
onator has a real dielectric function, ε(x); P symmetry
requires ε(x) = ε(−x), but need not be real, and PT
symmetry ε(x) = ε∗(−x), but again it needs not be real.
1. Time-reversal Symmetry (T ) and Parity Symmetry (P)
The time reversal operator (T ) complex conjugates the
wave equation in the frequency domain. If the system
has T symmetry then it maps a Left-incident R-zero to a
Right-incident R-zero of the same cavity but at frequency
ω∗. Hence:
• If a cavity with T symmetry (real ε) has a Left R-
zero at ω, then it will have a Right R-zero at ω∗. If
it is tuned to RSM without breaking T symmetry
then it will then be bidirectional, i.e. it will have a
Left RSM and Right RSM at the same frequency.
The parity operator P maps x→ −x in the wave equa-
tion; if the dielectric function has parity symmetry then
it maps a Left R-zero at ω to a Right R-zero of the same
cavity at the same frequency. Hence:
• All R-zeros of parity symmetric one-dimensional
systems are bidirectional, whether or not they are
real.
Both P symmetry and T symmetry map from Left R-
zeros to Right R-zeros and imply relationships between
these spectra, but neither alone implies R-zeros are real.
Hence in systems with only one of these symmetries, pa-
rameter tuning will be required to create RSMs. A sim-
ple example illustrating this with an asymmetric FP res-
onator is shown in Fig. 3(a-e). Here we illustrate tuning
to RSM with both T -preserving (geometric) tuning and
T -breaking (gain/loss) tuning.
Starting with a symmetric FP cavity, with P+T sym-
metry, we first break parity symmetry but maintain T
FP with gain
FIG. 3. (Color) Illustration of RSMs and R-zero spectrum
for simple two- and three-mirror resonators of length L in
1D, consisting of δ-function mirrors of strengths γ−11 , γ
−1
2 and
κ−1, as indicated in the schematic in (a). Throughout, we fix
γ2 ≡ c/L. Blue and red lines 1 → 2 indicate the effect of
breaking symmetry by varying γ1 from γ2 → 2γ2. A bidirec-
tional RSM [as in (b)] splits into two complex-conjugate R-
zeros off the real axis and a reflectionless steady-state (RSM)
no longer exists, as in (c). Adding gain to the cavity, indi-
cated by blue and red lines 2 → 3, brings the lower R-zero
to the real axis (but not the upper one), creating a Right-
incident amplifying RSM, as in (d). Alternatively, adding a
middle mirror and reducing its κ from∞→ 2γ2/3 is sufficient
to bring both R-zeros back to the real axis (2 → 4 in (a)),
creating simultaneous Left and Right RSMs at a different fre-
quency from the symmetric Fabry-Pe´rot resonator (see (e)),
without restoring parity symmetry.
symmetry by simply making the mirror reflectivities un-
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equal (Fig. 3(a) solid lines). The Left-incident and Right-
incident R-zeros leave the real axis as complex conjugate
pairs, as required by T symmetry, and there are no re-
maining RSMs (there are resonances, but without zero
reflection). To create a Right-incident RSM we add gain
to the system, breaking T symmetry, with the correct
value to bring the Right R-zero in the lower half-plane
back to the real axis; at the same time the Left R-zero
is pushed further away and the RSM created is unidirec-
tional. The Left R-zero could also be tuned to RSM by
adding an equivalent amount of loss. To create a bidirec-
tional RSM, we instead add a third lossless mirror to the
resonator and we find that tuning the reflectivity of the
new (middle) mirror can bring the system back to real
axis. Since T symmetry has been maintained, the RSM
must be bidirectional. Note that in both cases the tun-
ing has not restored parity symmetry. All such RSMs are
in this sense “accidental”, achieved by parameter tuning
and without an underlying symmetry. Geometric tuning
is of particular interest for reflectionless states of complex
structures where adding loss or gain may not be practical
or desirable (see the examples in Figs. 4–6 below).
2. P and T Symmetry and Symmetry-breaking Transition
The most prominent example of a system with an in-
finite number of RSMs was already mentioned above,
two-mirror resonators (where “mirror” includes the many
types of reflecting structures used in photonics) which
will be referred to collectively as FP resonators. In fact
one can easily check that all R-zeros of an FP resonator
are real and in one-one correspondence with the reso-
nances of the structure. This example might suggest that
any structure with both P and T symmetry should have
only real R-zeros (RSMs). Previous work on multi-mirror
resonators [32, 33] however has found cases which violate
this expectation, but to our knowledge no general reason
for this fact or qualitative understanding of it has been
given. The symmetry analysis we present here provides
such a framework, with additional implications which are
new. A more detailed study of this case is in prepara-
tion [34]; here we present a brief outline of the problem,
illustrated with a simple example.
First we must draw your attention to an important
point. Even if the structure/resonator has both P and
T symmetry, the wave operator for the R-zero spectrum
does not. As already noted, both the P and T opera-
tions map Left R-zeros back to Right R-zeros; hence the
boundary conditions are not invariant under these oper-
ations. However it is easy to confirm that if a structure
has both P and T symmetry (including the asymptotic
regions), then the product PT maps the R-zero spectrum
for a single directionality back to itself as follows:
• If a cavity has both P and T symmetry, its R-
zeros occur in complex- conjugate pairs or are non-
degenerate and real (i.e. RSMs). The frequency
spectrum of the Left R-zeros and the Right R-zeros
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FIG. 4. (Color) RSMs in a P+T symmetric structure. (a)
Symmetric three-slab heterostructure in air, with refractive
index n1 in the outer sections, which are of length L1, and
variable index n2 in the middle, of length L2; here n1 = 1.5
and L2 = .15L1/n2. (b) Real part of the R-zero frequencies as
the central index n2 is increased. For small n2, the R-zeros are
real-valued RSMs and in the unbroken phase (solid blue lines),
while for large n2, some R-zeros have entered the broken phase
(red dashed). After two RSMs meet at an RSM EP, they
split into two R-zeros at complex-conjugate frequencies as n2
is further increased. (c) Spectra of the R-zeros/RSMs and
resonances in the complex-frequency plane at n2 = 3.23 where
two (bidirectional) RSMs meet at two degenerate EPs (one
for Left RSMs and one for Right RSMs). (d) Reflection and
transmission spectra for the same n2 as in (c); blue filled
dots mark the RSM frequencies, open blue dot is real part of
complex R-zero, which has already entered the broken phase.
Yellow highlight in (b–d) indicate the same RSM EP, which
exhibits quartically-flat reflection and transmission.
are the same, so that all RSMs and R-zeros are
bidirectional.
Since both the case of real RSMs without tuning, and
complex-conjugate pairs of R-zeros are allowed by sym-
metry, we expect both cases to occur in some structures.
We are already familiar with FP resonators for which
all of the R-zeros are RSMs; in Fig. 4 we examine the
simplest example beyond the FP case for which not all
R-zeros are RSMs. Similarly to the example of Fig. 3,
we add a middle mirror to the FP resonator, but now
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the initial FP resonator has balanced mirrors and P+T
symmetry. It is well-known that such a coupling mir-
ror will create two coupled cavities for which the original
resonances will be paired up as quasi-degenerate symmet-
ric and anti-symmetric doublets with twice the original
free spectral range. However the doublets cannot be-
come fully degenerate until the internal mirror becomes
totally opaque and we simply have two separate iden-
tical one-sided cavities. In contrast there are continuity
arguments which we omit here that imply that the RSMs
must disappear at a finite coupling. In other words, as
the coupling mirror becomes more opaque there is a fi-
nite coupling at which a pair of RSMs associated with
a resonant doublet meet, and then leave the real axis
as complex conjugate R-zeros. This is an example of
a spontaneous PT symmetry-breaking transition [35–38]
driven by the increase of the coupling mirror opacity.
Thus we have shown the existence of a PT transition in
a lossless system. This is the first such example to our
knowledge, and it is possible because the R-zero bound-
ary conditions themselves are non-hermitian, even if the
differential operator in the wave equation doesn’t have a
complex dielectric function. This behavior of the three-
mirror lossless resonator is illustrated in Fig. 4.
Finally, when the two RSMs meet on the real axis we
have a degeneracy of the non-hermitian R-zero eigenvalue
problem, so this must correspond to an exceptional point
of the underlying wave operator, which in this case hap-
pens on the real axis, and not in the complex plane as
happens for many other studied cases for which two reso-
nances become degenerate. More precisely, there are two
degenerate EPs when bidirectional RSMs meet; one for
the Left RSM spectra and one for the Right RSM spec-
tra. For a second order EP such as this, on the real axis,
previous work has shown [39] that the associated line-
shape is altered to a quartic flat-top shape; this behavior
is visible in Fig. 4. The existence of this specific tuned be-
havior of the three mirror resonators was predicted long
ago [32, 33] and is used in designing “ripple-free” filters.
Such filters are the analogs of Butterworth filters in elec-
tronics [40]. However the previous work does not seem
to have identified this as an exceptional point, associated
with a PT transition. A much more in depth analysis of
the physics of this transition will be given elsewhere [34].
3. Parity-Time symmetry (PT ) and Symmetry-Breaking
Transition
Reflectionless states have been previously studied ex-
tensively [41, 42] for one-dimensional resonators which
have only PT symmetry, but not P and T separately; in
this case the condition ε(x) = ε∗(−x) holds, but ε is not
real (balanced gain and loss). This case is discussed in
detail in [15]; it is straightforward to show that in this
case R-zeros are either real or come in complex conju-
gate pairs, but there is no connection between the Left
and Right R-zero spectra. Hence all R-zeros and RSMs in
this case are unidirectional. If one starts with a system
with P and T symmetry such as the standard FP res-
onator, and now adds balanced gain and loss to maintain
PT symmetry, again one will see pairs of RSMs move
towards each other on the real axis, pass through an EP,
before emerging as complex conjugate pairs of R-zeros.
This example, given in Ref. [15], then differs from the
example shown in Fig. 4 only in that the Left R-zeros
and Right R-zeros no longer move together.
IV. APPLICATIONS OF R-ZERO/RSM
THEORY
A. Relationship to Coupled Mode Theory
The preceding results were derived directly from
Maxwell’s equations and involve no approximation. In
many circumstances an approximate analytic model will
be adequate and desirable for simplicity. In photon-
ics a standard tool is the temporal coupled-mode the-
ory (TCMT) [43–48], which is a phenomenological model
widely used in the design and analysis of optical de-
vices [49–52]. The TCMT formalism is derived from
symmetry constraints [43–47] rather than from first prin-
ciples, yet it leads to an analytic relation between the
determinant of the scattering matrix and the underly-
ing Hamiltonian that is similar to Eq. (7) and is reason-
ably accurate in many cases. The appropriate compar-
ison between TCMT theory and the exact RSM theory
presented here is given in Ref. [15]. Here we will only
quote one relevant result of that analysis. Not surpris-
ingly, it is possible to adapt the TCMT analysis which
leads to an expression for the S-matrix in terms of an “ef-
fective Hamiltonian”, so as to find an expression for the
Rin matrix, and a condition for it to have an R-zero. In
this expression, as in our Eq. (8), the coupling coefficients
for the input channels to the resonator appear as an ef-
fective gain term and coefficients for the output channels
appear as an effective loss term. Very often in the TCMT
formalism the single-resonance approximation is used, in
which the effective Hamiltonian is replaced by a number
equal to the complex energy of the resonance. When a
similar approximation is used for Rin to determine the
R-zeros one finds [15]:
ωRZ = (ω0 − iγnr) + i (γin − γout) ,
γin ≡
∑
n∈F
|dn|2/2, γout ≡
∑
n/∈F
|dn|2/2, (9)
here ωRZ is the R-zero frequency, ω0 is the real part of
the resonance frequency, dn is the coupling coefficient
(partial width) of the mode to the n-th radiative chan-
nel, γin, γout are then the total radiative rates in and
out respectively for the resonance, and γnr is the non-
radiative rate associated with loss or gain in the res-
onator. An RSM arises when the various imaginary terms
for ωRZ cancel, and the structure is illuminated with the
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corresponding wavefront, determined by the eigenvector
of Rin. This then corresponds to the critical coupling
condition, generalized to multichannel inputs and out-
puts. Here we have used the standard notation in TCMT
theory for the partial coupling rates into or out of a
given channel. In our theory, evaluating the matrices
WinW
†
in,WoutW
†
out, in the limit of a single resonance
yields a similar critical coupling relationship.
Hence TCMT theory within the single (high-Q) reso-
nance approximation gives an analytic basis for the con-
cept of generalized critical coupling introduced above,
and also shows its limitations. One implication of this re-
sult is that R-zeros with different numbers of input and
output channels will have the same Re{ω} as the un-
derlying resonance and will be simply shifted vertically
in the complex plane along a line between the S-matrix
pole (resonance) and its zero. The appropriate input
wavefront for the RSM will just be that of the outgoing
resonance, phase conjugated for the chosen input chan-
nels. This behavior is found in the example shown in
Fig. 5a, for the case of a high-Q resonator. Conversely,
the TCMT single resonance result fails for a more open
resonator (Fig. 5b), where multiple resonances mediate
the scattering within the resonator. Nonetheless, the ex-
act R-zero/RSM approach can be used to tune to RSM
numerically.
The single-resonance scenario is the simplest example
of an R-zero, yet it already is sufficient to explain the
impedance-matching conditions previously found using
TCMT in waveguide branches [53], antireflection sur-
faces [54], and polarization-converting surfaces [55].
B. Reflectionless States in Complex Structures:
Examples
Here we show two examples of RSMs engineered in
complex photonic structures; these are the kinds of
impedance-matching problems it would be very difficult
to solve without our theory and associated computational
approaches. As noted above, R-zero spectra can be cal-
culated by a modified PML method in many cases, and
by a boundary matching method in all cases. The first
of the examples below was done by the PML method,
which is somewhat simpler. The second was done by the
matching method and could not be done with PMLs, be-
cause the input and output channels are not separated
in the asymptotic regions. We will discuss the solution
methods very briefly in the next section.
In Fig. 5(a) we show results for an asymmetric cavity
much larger than the wavelength of the exciting radia-
tion, with a smooth boundary connected to five single-
mode waveguides, without any internal gain or loss. Here
and in the next example we are only going to use geomet-
ric/index parameter tuning to achieve a flux-conserving
RSM. The structure has no discrete symmetries, so there
is no reason that there should exist any RSMs for such
structures without parameter tuning. In addition such
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FIG. 5. (Color) Asymmetric lossless waveguide junc-
tion/resonator (mean radius R¯) coupled to five single-mode
waveguides, with constrictions at the ports to the junction.
(a) Numerically calculated R-zero spectrum for a weakly cou-
pled, high-Q junction with well isolated resonances. Black x
and dot are purely outgoing (resonance) and incoming (S-
matrix zero) frequencies, which are complex conjugates. Col-
ored stars are R-zeros for various choices of input channels;
the legend indicates which channels are inputs, with the chan-
nel labels given in (c). The R-zeros cluster vertically above
the resonance frequency and below the S-matrix zero fre-
quency, as predicted by single-resonance TCMT approxima-
tion Eq. (9). The common width of the constrictions for
waveguides {4, 5, 6} is slightly tuned to make a 2-in/3-out
R-zero real, creating an RSM. (b) R-zero spectrum for the
same junction but with the constrictions opened, which lowers
the Q of the resonances (note change in vertical scale). The
linewidths of the resonances are now comparable to their spac-
ing. Due to multi-resonance effects, the R-zeros are spread out
along the real and complex frequency axis and are no longer
associated with a single resonance. Nonetheless, by slightly
tuning the constriction width as before, a 2-in/3-out R-zero
is again made real (RSM), as in the high-Q case. (c,d) The
mode profiles of the RSMs for the high-Q (c) and low-Q (d)
cases.
cavities are well known to have many pseudo-random
wave-chaotic states, so that the resonances do not have
any simple spatial structure or ray orbit interpretation,
making intuitive design approaches to generating the ap-
propriate interference behavior impossible. We consider
this structure in two limits: (a) the limit in which the
waveguide ports are pinched off by constrictions to cre-
ate a high-Q cavity and large non-resonant reflection at
the ports, and (b) the limit of essentially open ports with
slight width tuning, for which the cavity has much lower
Q and multiple resonances participate in scattering.
In the case (a) the behavior is as predicted by the
single-resonance approximation, discussed just above. R-
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zeros are lined up vertically in the complex plane between
the pole and the zero, and one of them (a two-in, three-
out case) has been tuned to the real axis. The internal
field (real part shown in (c)) is chaotic looking and coin-
cides well with the single resonance associated with these
R-zeros.
In the case (b), where we impose the same R-zero
boundary conditions, we see very different behavior of the
R-zero spectrum, characteristic of transmission through
multiple resonances. The R-zeros are spread out in the
complex plane and do not lie on a line coincident with
any one resonance, nor is the input wavefront or internal
field associated with a single resonance. Tuning to RSM
is achieved by a very slight variation in the width of one
of the outgoing waveguides at the port. Further details
are given in the figure caption.
The second example, shown in Fig. 6, is a structure
which functions as a lossless mode converter in reflec-
tion. It is a multimode empty waveguide terminated by
an angled wedge of purely real index n = 2 material and
then by a perfectly reflecting wall. In the case where the
waveguide has only two modes it is relatively simple to
find a wedge angle which converts, e.g., mode one into
mode two perfectly after reflection, and a simple Fresnel
scattering analysis could be used to find the necessary
angle to a good approximation. Here however the waveg-
uide has four propagating modes and the R-zero problem
is to use modes one and two as inputs and modes three
and four as outputs. Our general theory implies that
such a solution should exist at some ω as one tunes a sin-
gle parameter such as the wedge angle. Indeed, Fig. 6(a)
shows that as the wedge angle is tuned, one of the R-zeros
crosses the real axis and becomes an RSM.
As there are multiple input channels, zero reflec-
tion is achieved only when the correct superposition of
modes one and two is used. The smallest eigenvalue of
R†in(ω)Rin(ω) gives the smallest possible reflectivity, and
Fig. 6(b) shows that this vanishes at ωRSM, while the re-
flected intensities for single-channel inputs do not any-
where in the vicinity of ωRSM.
Finally, in Ref. [15] an example was presented of an
RSM solution to a different and challenging problem
in free-space scattering: designing a dielectric antenna
much larger than the input wavelength such that it per-
fectly reflects a monopole input signal (assuming 2D
scalar waves) into higher multipoles in the scattered field.
Although here we considered scalar waves, the method
can be straightforwardly generalized to vector electro-
magnetic waves. This additional example, not involving
waveguides or mirror resonators, illustrates the versatil-
ity of the R-zero/RSM theory for electromagnetic design.
Finding these types of impedance-matched solutions
for open multi-channel structures would be difficult with-
out our theory, nor were there, to our knowledge, previ-
ous formulations which guarantee a solution exists for the
appropriate input wavefront with single parameter tun-
ing. As already noted, the usual critical coupling concept
does not extend to these type of low-Q structures.
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FIG. 6. (Color) Illustration of an RSM in a four-mode waveg-
uide acting as a mode-converter from a superposition of in-
put waveguide modes 1 and 2 into output modes 3 and 4.
(a) Trajectory of R-zero in the complex-frequency plane as
wedge-angle θ is tuned. The R-zero crosses the real axis
at θ = 34.96◦ (red star), becoming an RSM. Insets show a
schematic of the structure and the real part of the RSM field
profile. (b) Reflectivity into modes 1 and 2 with different
incident wavefronts, for θ = 34.96◦. Red curve has input
α0(ω), defined to be the eigenvector of R
†
in(ω)Rin(ω) with
the smallest eigenvalue. Rin(ω) is the 2 × 2 upper left block
of the scattering matrix. The incident wave α0(ωRSM) =
[0.7982,−0.5642 + 0.2158i, 0, 0] generates the reflectionless
output β(ωRSM) = [0, 0, 0.1767 − 0.3689i, 0.7682 + 0.4925i].
Meanwhile, the inputs from only mode 1 or only mode 2
(green and blue curves) have non-zero reflectivity for all fre-
quencies. The inset shows the output amplitude |β(ωRSM)|
for the eigenvector input α0(ωRSM).
C. Solution Method for R-zero/RSM problems
We make a few brief remarks on solving the R-
zero/RSM problem numerically, which will be necessary
for essentially all cases of interest. In principle one could
find R-zeros by constructing the full S-matrix of the prob-
lem, and then the relevant Rin(ω) and search for the zeros
of its determinant in the complex plane. Doing so, how-
ever, has numerical disadvantage because Rin(ω) changes
rapidly with frequency near resonances, which generally
makes it harder for such root finding and for other nonlin-
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ear eigenproblem solvers. Our theory demonstrates that
the R-zeros can be found directly from imposing bound-
ary conditions of the wave operator on the boundary of
a computational cell, without constructing the scatter-
ing matrix in the complex plane. This typically more
efficient procedure then yields the R-zero spectrum in
a given frequency range for an initial structure, which
typically contains no RSMs. However the fact that the
R-zeros are eigenvalues of a well-behaved wave operator
means that its eigenvalues will move continuously with
small changes in the real or imaginary part of the dielec-
tric function. Moreover the general form of Eq. (8) has
given us the intuition to know what kinds of geometric or
loss/gain perturbations will move the R-zeros up or down
in the complex plane (e.g increasing the coupling of an
outgoing channel will tend to move all R-zeros down and
vice-versa for an incoming channel). While the simple
critical coupling picture is not always valid, the tuning
of an R-zero to the real axis is by no means a random
search in a parameter space. In addition, obviously, many
different tunings will work if any real frequency in a given
range is acceptable. The upshot is that numerically, engi-
neering a single RSM can be achieved by a small number
of iterations of the initial calculation. Hence, finding the
RSMs in many cases is computationally no more diffi-
cult than iterating a resonance calculation of the type
available in packages such as COMSOL over a number of
weakly perturbed structures.
However there is one important difference between res-
onance calculations and RSM calculations; all resonance
calculation can be done using the perfectly matched layer
(PML) method since all the asymptotic channels satisfy
the same outgoing boundary conditions. When the sys-
tem has negligible dispersion, the PML method turns
a non-linear eigenvalue problem into an linear one, for
which the boundary condition is independent of ω, and
this makes the solution easier [56]. There also exist conju-
gated PMLs [27], though they are less well-known, which
can also implement purely incoming boundary condi-
tions. However there is (as yet) no PML method to solve
problems, such as the mode converter example above,
for which the incoming and outgoing channels overlap in
space. Here we need to impose matching conditions out-
side the surface of last scattering based on exactly the set
of incoming and outgoing channels chosen for the R-zero
problem (this is what we mean by R-zero boundary con-
ditions). Those conditions do depend on the frequency,
leading to the more complicated non-linear eigenvalue
problem one avoids with PMLs. However such match-
ing has been done successfully for complex structures in
the wave-chaotic regime [57] and in ab initio laser theory
[58], and we have used similar methods here and in [15]
to solve the mode converter and multipole converting an-
tenna examples. Even for these more challenging cases
the computations remained quite tractable. More details
about the two methods and a derivation of the matching
method are given in [15].
V. SUMMARY AND OUTLOOK
This paper outlines a general theory of reflectionless
excitation or impedance-matching of linear waves to fi-
nite structures of arbitrary geometry in any dimension,
focusing on the case of classical electromagnetic waves
and building on the full theoretical framework presented
in Sweeney, et al. [15]. The basic framework applies as
well to acoustic and other linear classical waves, and to
some quantum scattering problems as well. Because ev-
ery impedance-matching problem can be posed as the
solution of an electromagnetic eigenvalue problem with
certain overdetermined boundary conditions at infinity,
similar to the problem of finding resonances, it is possible
to completely specify necessary and sufficient conditions
for solutions to exist. It is shown that an infinite number
of unphysical solutions always exist at discrete complex
frequencies, and any single solution can be tuned to the
real axis, typically by varying a single parameter of the
structure, so as to become a physically realizable steady-
state harmonic solution. These solutions are accessible if
it is possible to generate the appropriate input wavefront,
which can be determined from the solutions. We refer to
wave solutions of this type as Reflectionless Scattering
Modes (RSMs) because they are steady-state solutions
adapted to the particular structure and which specify the
behavior of each scattering channel at infinity, similar to
lasing modes.
While we have an analytic framework for determining
the RSMs, the resulting equations will usually need to be
solved numerically and we present two methods for do-
ing so which are computationally tractable by adapting
standard tools of computational photonics. Since reflec-
tionless excitation of fairly complex structures is often a
goal in photonics, we believe our theory and approach
shows promise for micro and nanophotonic design. The
theory may clarify which design goals are guaranteed an
exact solution and which ones are not. For example, if
one has a three-waveguide junction of some geometry, one
is guaranteed to be able to find a design for which excita-
tion from waveguide one into waveguides two and three
is reflectionless, typically by tuning a single geometric
parameter. However there is no guarantee that further
tuning parameters will find a solution which scatters only
into waveguide two in some frequency range. However,
since there will be many ways to tune to the reflection-
less state of waveguide one, it is interesting to propose a
search in this parameter space for the way which mini-
mizes the output into waveguide three, which could be a
much more efficient search than an ab initio combinatoric
or machine learning-based search of a huge space of struc-
tures, most of which are not close to reflectionless. There
are indications in our current results that such an RSM
calculation followed by an optimization can succeed. In
this manner we hope that our theory of RSMs can be
combined with modern optimization methods to achieve
efficiently important design goals in photonic structures.
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